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Abstract. We prove the existence of classical solutions to the Dirichlet prob- 
lem for a class of fully nonlinear elliptic equations of curvature type on Riemann- 
ian manifolds. We also derive new second derivative boundary estimates which 
allows us to extend some of the existence theorems of Caffarelli, Nirenberg and 
Spruck |4| and Ivochkina, Trudinger and Lin |18|, |19), |25| to more general curva- 
ture functions under mild conditions on the geometry of the domain. 



1. Introduction 

The aim of this article is to study the classical Dirichlet problem for equations 
of prescribed curvature of the form 

(1.1) F[u] = f{K[u])^-^{x,u) 

defined on a smooth Riemannian manifold (M" ,a),n>2, where k[u] is the vector 
in M" whose components ki , . . . , k„ are the principal curvatures of the graph E = 
{{x, u{x)), xerijcMxRofa function u defined on a bounded domain fl C M, 
is a prescribed positive function on x K and / is a general curvature function 
in a sense that it will made precise later. The main examples of general curvature 
functions are given by the fc-th root of the higher order mean curvatures 

(1-2) S'fc(K) = ^ Ki^---Ki^ 

n <...<ifc 

and the {k — l)-th root of their quotients 5*^,; ~ Sk/Si, < / < k < n. The mean, 
scalar. Gauss and harmonic curvatures correspond to the special cases k — l,2,n 
in lll.2|l and k = n,l = n — 1 for the quotients, respectively. 

The classical Dirichlet problem associated to equation dl.ll l has been extensively 
studied (see for instance [4], [11], [ISJ, |151, |181, |19|, |20|, [29], |31| and |321). For 
domains in the Euclidean space, the first breakthroughs about the solvability of 
the Dirichlet problem 

F\u\ = /(kM) = * in r2 
(1.3) _ 

u — ip on oil, 

were due to Caffarelli, Nirenberg and Spruck |j4| for general curvature functions 
and Ivochkina IITTI for the particular cases of higher order mean curvatures lll.2b . 
These authors established the solvability of ( 11.31 1 for the case of uniformly convex 
domains and zero boundary values. In [18J Ivochkina extended her approach to 
embrace general boundary values and the more general fc-convex domains, ex- 
tending the result of J. Serrin Il28l on the quasilinear case corresponding to the 
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mean curvature. Despite the cases of higher order mean curvatures be covered 
by the generaUty allowed in the theorem of Caffarelli, Nirenberg and Spruck lH) 
their result makes use of a strong technical assumption on the curvature fimctions, 
which precludes the case of quotients / = (5'*:,;)^^^'^ , < I < k < n. However, 
the weak or viscosity solution approach by Trudinger |32l is sufficiently general 
in what concerns the curvatures functions so that it includes those quotient cur- 
vature functions. Also in |32| Trudinger establishes the existence theorems for 
Lipschitz solutions of I I1.31 for general boundary values and domains subjects to 
natural geometric restrictions. In the subsequent articles [19| and |25| Ivochkina, 
Lin and Trudinger extended the approach used by Ivochkina in [18 1 to the cases 
of quotients, thereby obtaining globally smooth solutions. Their approach makes 
use of highly specific properties of these particular curvature functions. Finally, 
Sheng, Urbas and Wang [29J derive an interior curvature bound for solutions of 
(|1.31 which permits to improve the existence results of Trundinger to yield locally 
smooth solutions. 

For domains in a general Riemannian manifolds, the cases of mean. Gauss and 
harmonic curvatures have been extensively studied, as can be seen in ID, |2]|, |5l, 
19], [11], [12], [16J, [20], [26J, [27] and [31]. Nevertheless, to the best of our knowl- 
edge there are no results on the existence of solutions for l|1.3|l when / is a general 
curvature fimction (even for the case of higher order mean curvature) and is a 
domain in a Riemannian manifold. 

In this paper we deal with the Dirichlet problem l |1.31 for general curvature 
functions in the general setting of domains r2 in a smooth Riemannian manifold 
(Af", cr) under natural geometric conditions. We also derive a new boundary sec- 
ond derivative estimate which allows us to improve the existence results in [29 1, 
yielding globally smooth solutions. This is more precisely stated in what follows. 

As in [4] and [29], we assume that / S C^(r) D C°(r) is a symmetric function 
defined in an open, convex, symmetric cone F c K" with vertex at the origin 
and containing the positive cone r+ = {k E M" : each component > 0}. We 
suppose that / satisfies the fimdamental structure conditions 

(1.4) = 1^ > 
and 

(1.5) / is a concave function. 

In addition, / is assumed to satisfy the following more technical assumptions 

(1.6) 5Z.^'('*)^^o>'^ 

(1.7) ^ ^0 > 

(1.8) liinsup/(K) < 'J&o < ^'o 

K^dr 

(1.9) fi{K) > Co > for any k e T with < 

(1.10) (/i • • • > Co 

for K e = {k e r : 5*0 < /('«) < *i} and a constant cq depending on 5*0 
and ^'i, where 'So — inf ^ and '^i — sup^*. In this context, a function u E C^(ri) 
is called admissible if k[u] E T at each point of its graph. We point out that these 
conditions also appear in HD, (10][ and (te|[. It has been shown (see [3J, L4J, QO), |22][, 
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[24) and l32l ) that the (root of) higher order mean curvatures and their quotients 
satisfy l|1.4)l - l|1.101 on the appropriate cone F. 

In |T| and flS], the hypotheses on the curvature functions include the requeri- 
ment that for every constant C > and every compact set ii^ in F there is a number 
R ^ R{C, E) such that 

(1.11) ,K„ + i?) > C, yneE, 

which precludes the important examples of the quotients / = {Sk,i)^^^''~^'' ■ More 
precisely, this condition is used in [4] and [13] to estimate the double normal deriv- 
ative of admissible solutions at the boundary. In this paper we adapt a technique 
presented in (32l to cover the cases where (|l.ll) l does not hold. 

As in the papers [4], f29], f3T\ we shall also need conditions on the boundary dft 
to ensure the attainment of Dirichlet boundary conditions. We assume that O is a 
domain with boundary and that the principal curvatures k' = {k[, ■ ■ ■ , k'^^i) 
of dil satisfy 

(1.12) f{K'{y),0)>^{y,^{y)), \fyedn. 

We note that (|1.121 is the natural extension of the Serrin condition for the mean 
curvature case |28| and it implies that 

(1.13) (k'i,--- ,<_i,0)eF. 

We can now formulate our main existence theorem for the Dirichlet problem. Let 
(Af", a), n > 2, be a complete orientable Riemannian manifold and fl a connected 
bounded domain in AI. 

Theorem 1. Let f £ (F) n C° (F) be a curvature function satisfying conditions il.4i - 
(fOOl l. Suppose that there exists < a < 1 such that dn e C"'-" and * e C'^-"{Tl x K). 
Moreover, suppose that 4' satisfies il.lli and that > and vl't > on fl xR. If there 
exists a locally strictly convex C'^ function in fl and there exists an admissible subsolution 
u e C^(r2) of equation ( 12. IP , then there exists a unique admissible solution u e C'^'°'{fl) 
of the Dirichlet problem U.3i for any given function ip e C*'"(ri). 

The assumption on the existence of a strictly convex function in C^(ri) arises 
naturally when the problem is treated in a general Riemannian manifold, as could 
be seen for instance in |6l and (TOl . Notice that when M is the Euclidean space this 
condition is always satisfied. Theorem[T]extends the result of Caffarelli, Nirenberg 
and Spruck presented in |i4J to non-convex domains and general boundary values, 
without the assumption l|l.lHl and also improves the existence results of |29| and 
|32| to yield globally smooth solutions for general boimdary values. 

The cases / = (-S'n./)^^^""'^ , I = 1, . . . ,ri — 1, are omitted from Theorem[TJ as 
the corresponding extension of the Serrin condition (|1.12l l would imply = on 
drt, contradicting the hypothesis on the positivity of 4*. However these cases are 
covered by Theorem|2]that is presented below. 

It is well known that conditions on the geometry of the boundary dft play a 
key role in the study of the solvability of the Dirichlet problem l|1.31 . Nevertheless, 
several authors (e.g., 1 8 1, [9 1, 1 10 1, fTT|, fT2J and 1 13J) had replaced geometric condi- 
tions on the boundary by assumptions on the existence of a subsolution satisfying 
the boundary condition. For more details we refer the reader to [3 1 and 1 10 1, where 
is shown the existence of a close relationship between the convexity of the bound- 
ary and the existence of such subsolutions. Therefore, it is natural to consider a 
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version of Theorem [T] obtained replacing the assumption on the geometry of the 
boxmdary dVl by the assumption on the existence of a subsolution satisfying the 
boimdary condition. In this context we obtain the following result. 

Theorem 2. Suppose that f e C'^{r) n C"{T) satisfy (fLiD- ITIOl ) and that for some 
< a < lit holds that 

(i) dQ e C'" has nonnegative mean curvature; 

(ii) there exists an admissible subsolution u e C'^{Vt) of equation (II. ID 
such that u = (pondQ and u is locally strictly convex (up to the bound- 
ary) in a neighborhood ofdQ: 

(Hi) * e C2'"(II xR),^>Oand^t>Oonnx M; 
(iv) there exists a locally strictly convex function in Q. 

Then there exists a unique admissible solution u e C"*'"(il) of the Dirichlet problem (12. 3P 
for any given function ip e C^'"(ri). 

Theorem|2]extends to domains in a general Riemannian manifold the result ob- 
tained by Guan and Spruck in [13J. In addition. Theorem |2] embraces a class of 
curvature functions larger than the one considered in |13|, including the higher 
order mean curvatures and their quotients and, more generally, curvature func- 
tions that are defined in a general cone F, not necessarily being the positive cone 
r+ . We point out that the requirement on the mean curvature of dil in (i) is neces- 
sary because of the generality of the cone F allowed in the Theorem|2l This kind of 
assumption was already made before in earlier contributions to the subject, see for 
instance [14J. Finally, the regularity assumption on u in Theorems [T] and |2] can be 
weakened to u e C"'^(r2), provided m is a subsolution in the viscosity sense. The 
proof proceeds as it will be presented below, with the usual comparison principle 
replaced by the comparison principle for viscosity solutions. 

Following [4l, (Zl, CHI, (121 and |l9l, the proofs of the above existence theo- 
rems utilize the method of continuity which reduces the problem of the existence 
to the establishment of a priori estimates for a related family of Dirichlet problems 
in the Holder space C^^'^(ri) for some /? > 0. Here we will establish a priori 
estimates. Holder bounds for the second order derivatives then follows from the 
Evans-Krylov theory (see for example [7J and [21J) while higher order estimates 
follows from the classical Schauder theory. The uniqueness in Theorems [T] and |2] 
is a consequence of the comparison principle. As is pointed out in |4], (191 , EOl 
and [25 1, the crucial estimates are those of the second derivatives on the boundary 
dVl. In this work, the use of a new barrier allows us to obtain estimates for mixed 
tangential normal derivatives at the boundary for solutions of ( 11.31 for general 
curvature equations, which is new even in the Euclidean case. This is one of the 
main achievements of this work. We establish the double normal second deriva- 
tive estimates at the boundary by extending the techniques of 13]/ ITOl and l33l to 
equations of curvature type. 

This article is organized as follows: In Section |2] we list some basic formulas 
which are needed later. In Sections |3ll6] we deal with the a priori estimates for 
prospective solutions of \13\ . The height and boundary gradient estimates are de- 
rived in Section|3l Section|4]is devoted to the proof of the global gradient estimates. 
In Section |5]fl priori bounds for the second order derivatives on the boundary are 
established while in Section [6] we show how to estimate the second derivatives of 
solutions given boundary estimates for them. Finally, in Section[3we complete the 
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proofs of Theorems [T] and |2] using the continuity method based on the previously 
established estimates. 

2. Preliminaries 

Let (Af", ct) be a complete Riemannian manifold. We consider the product man- 
ifold M — M xR endowed with the product metric. The Riemannian connections 
in M and M will be denoted respectively by V and V. The curvature tensors in M 
and M will be represented by R and R, respectively. The convention used here for 
the curvature tensor is 

R{U, V)W = Vy V[/iy - V[/VyW^ + V[u,V\W. 

In terms of a coordinate system (x* ) we write 

d d \ d d 



^'■^^^ \^dx'^ ' dx^ ) dx^ ' dx^ 

With this convention, the Ricci identity for the derivatives of a smooth function u 
is given by 

(2.1) Ui-jk = Ui-k-j 4- RiikjuK 

Let be a bounded domain in M. Given a differentiable function u : ft M., 
its graph is defined as the hypersurface S parameterized by Y{x) = {x, u{x)) with 
X E il. This graph is diffeomorphic with fl and may be globally oriented by an 
unit normal vector field N for which it holds that {N, dt) > 0, where dt denotes 
the usual coordinate vector field in M. With respect to this orientation, the second 
fundamental form in S is by definition the symmetric tensor field h = —{dN, dX). 
We will denote by V the connection of S. 

The unit vector field 

(2.2) N=^{dt-Vu) 
is normal to E, where 

(2.3) W = Vl + |Vup. 

Here, |Vup = u^Ui is the squared norm of Vu. The induced metric in E has com- 
ponents 

(2.4) gij = {Yi,Yj) = cr.y + uiUj 
and its inverse has components given by 

(2.5) g-J ^ ^ ±-u^u^ . 

We easily verify that the components [aij ) of the second fundamental form of E 
are determined by 

where ui-j are the components of the Hessian V'^u of u in fi. Therefore the compo- 
nents al of the Weingarten map of the graph E are given by 

(2.6) = g^''ak^ = ^ - ^^'A ^k-,- 



6 



J. H. S. DE LIRA AND F. F. CRUZ 



Above and throughout the text we made use of the Einstein summation conven- 
tion. 

For our purposes it is crucial to know the rules of commutation involving the 
covariant derivatives, the second fundamental form of a hypersurface and the cur- 
vature of the ambient. In this sense, the Gauss and Codazzi equations will play a 
fundamental role. They are, respectively, 

(2.7) R'ijki = Rijki + o-ik^ji — aaajk 

(2.8) aij-k = aik-j + Riojk 

where the index indicates coordinate components of the normal vector N and 
R' is the Riemann tensor of S. We note that Uij-k indicates the componentes of the 
tensor V'fe, obtained by differentiating covariantly the second fundamental form 
6 of S with respect to the metric g. The following identity for commuting second 
derivatives of the second fimdamental form will be quite useful. It was first found 
by Simons in Il30l and in our notation it assumes the form 

a-ij-ki =aki;ji + akia"^ajm — aika^-^aim + aijal'^akm — aija^akm 

(2.9) + RlikmOj^ + RlijmO.'k ~ RmjikaT ~ RoiOjO'M + RolOkClij 
— RrnkjlO-T ~ '^iRojik — ^iRokjl- 

Let S be the space of all symmetric covariant tensors of rank two defined in the 
Riemannian manifold (S, 17) and §r be the open subset of those symmetric tensors 
a s S for which the eigenvalues (with respect to the metric g) are contained in F. 
Then we can define the mapping F : Sr — > M by setting 

Fia)^f{X{a)), 

where A(a) = (Ai, • • • , A„) are the eigenvalues of a. The mapping F is as smooth 
as /. Furthermore, F can be viewed as depending solely on the mixed tensor a'^ , 
obtained by raising one index of the given symmetric covariant 2-tensor a, as well 
as depending on the pair of covariant tensors (a, g), 

F(a»)=F(a,5). 

In terms of components, in an arbitrary coordinate system we have 

F{ai)^F{a,„g,,) 

with aj = g^'^ttki- We denote the first derivatives of F by 

dF dF 
F^' = P- and = 

and the second derivatives are indicated by 

daijdau 

Hence F^^ are the components of a symmetric covariant tensor, while defines a 
mixed tensor which is contravariant with respect to the index j and covariant with 
respect to the index i. 

As in [18 1, we extend the cone F to the space of symmetric matrices of order n, 
which we denote (also) by S. Namely, for p e M", let us define 

F(p) = {reS : A(p,r)eF}, 
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(2.10) A(p,r) = -== /- 



where X{p, r) denotes the eigenvalues of the matrix A{p, r) — g ^ {p)r given by 

(the eigenvalues computed with respect to the Euclidean inner product). A{p, r) is 
obtained from the matrix of the Weingarten map with {p, r) in place of (Vu, V 



u 



and d^^ in place of a'^ . We note that the eigenvalues of A{p, r) are the eigenvalues 
of r (unless the 1 / ^1 + |pp factor) with respect to the inner product given by the 
matrix g = I + p (E) p-ln this setting it is convenient to introduce the notation 

G{p,r)=F{A{p,r))=f{X{p,r)). 

Hence, as in ||4J and |[T3l we may write equation jlA^ in the form 

(2.11) F[u] = f{K[u]) = G{Vu, V^u) = ^{x, u). 

In particular, if we denote 

Gu^^ and G'^''^' 



dnj dnjdrki' 
we obtain 

G'J = —F'^ and G^^'*^' = ArF*^'". 
W 

The derivatives of the mapping F may be easily computed if we assume that the 
matrix (oy ) is diagonal with respect to the metric (gij), as is shown in the follow- 
ing lenmia. 

Lemma 3. Let {ei}"^^ be a local orthonormal (with respect to the metric (gij) in S) basis 
of eigenvectors for a e Sr with corresponding eigenvalues A.;. Then, in terms of this basis 
the matrix (F^^) is also diagonal with eigenvalues f i — Moreover, F is concave and 
its second derivatives are given by 

(2.12) F^'^'^'i^.ji^u = ^'^'«'«^« + E T^^li^ 



for any (rjij) G §. Finally we have 



Afe — A; 
k,l k^l 



fi fj 



(2.13) 4^ — ^ < 0. 

Ai - \j 

These expressions must be interpreted as limits in the case of principal curvatures with 
multiplicity greater than one. 

It follows from the above lemma that, under condition (|1.4b , equation l|2.11l l is 
elliptic, i.e., the matrix G"^ (p, r) is positive-definite for any r E r(p). Moreover, 
under condition dl.SI I the restriction of the function G{p,-) to the open set T{p) is a 
concave function. We point out that since 1/W and 1 are respectively the lowest 
and the largest eigenvalues of g*^ it holds that 

(2-14) ^F^S) < G^'S.., < ^FiS). 

Now we analyze some consequences of the conditions (|1.41 -l ll.8|l . First we note 
that the concavity condition implies 

(2.15) ^/.(«;)«. </ 
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and we also may prove using assumptions (|1.61 - l|1.8|l and following 13J that 
(2.16) 

i 

for any k e F that satisfies /(k) > 5'o- This geometric fact implies that upper bounds 
for the principal curvatures of the graph of an admissible solution immediately 
ensure lozuer bounds for these curvatures. 

Now we will derive a lemma that gives a useful formula involving the second 
and third derivatives of prospective solutions to the problem | |1-3|| . 

Lemma 4. Let ubea solution of equation (I2.22P . The derivatives ofu satisfy the formula 

(2.17) ■' ■' W 
-G'^Bajku' + ^k + '^tUk■ 
Proof. Differentiating covariantly equation l|2.11|l in the k-th direction with respect 
to the metric a of M we obtain 

dG dG 

(2.18) 'ffc + *tUfe = ^^"^'J*^ a^"'-'' ^ + G^'Ui-k- 
From F{aj [u]) = Gi^u, V^u) we calculate 

We compute 

irr si ^ f ^ \ '^^ T^r si 1 ^rs i 



and 



= -WG''a]ui - WG^^aluj, 

where we have used the expression 



It follows that 



= -g^^SisUp + UsSip) = - {S.ipg'^'-Us + g^'^Up). 



G' = --i-G^a^su' " WG'^a^ui - WG^'4u,. 
Replacing these relations into ||2.18|| we obtain 

ffc + "^tUk = G'^Uiyfe - ^G'^'arsu^u^-k - WG''a]uiu^,k - WG^'aiujU,,k- 
Using the Ricci identity l|2.1)l . equation l|2.17|l is easily obtained. □ 
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A choice of an appropriate coordinate system simplifies substantially the com- 
putation of the components aj of the Weingarten operator. We describe how to 
obtain such a coordinate system. Fixed a point x e M, choose a geodesic coordi- 
nate system (a;*) of M around x such that the coordinate vectors {F* • ^[a^jf^i 
form a basis of principal directions of S at Y{x) and U}"=i is an orthonormal 
basis with respect to the inner product given by the matrix g = I + Vu (E) Vu. 
Hence, 

1 

W' 
and 

since {¥( ) is diagonal whenever (a^ ) is diagonal and = 5''^ . From now on we 
refer to such a coordinate system as the special coordinate system centered at x. 

At the center of a special coordinate system the formula 1 12.1 7|l takes the simpler 
form 

fiUk-ii = ^ + X! fj^J^'''^k;i 

(2.19) ' ' ^ 



3. The Height and Boundary Gradient Estimates 

In this section we start establishing the a priori estimates of admissible solutions 
of the Dirichlet problem l|1.3t . First we consider the Theorem |2l In this case the 
height estimate for admissible solutions is a direct consequence of the existence of 
a subsolution u satisfying the boundary condition and of the inequality l|2.16|l . In 
fact, it follows from the comparison principle applied to equation l Il.SI l that u<u, 
which yields a lower bound. An upper bound is obtained using as barrier the 
solution u of the Dirichlet problem 

Q\u\ =0 inn 

(3.1) _ 

u = (f on oil, 

where Q is the mean curvature operator. The assumption on the geometry of dfl 
ensures the existence of such a solution u (see Theorem 1.5 in [31J). So, it follows 
from the comparison principle for quasilinear elliptic equations that u < u. On the 
other hand, since u = u = uon dfl, the inequality u<u<u implies the boundary 
gradient estimate 

|Vu| < C on dn. 

Hence the height and the boundary gradient estimates are established in the case 
of Theorem |2l Now we consider the Theorem [T] First note that the assumption 
on the existence of a bounded subsolution and the solvability of l|3.1t ensures the 
height estimates. 

The boundary gradient estimate is obtained following closely the ideas pre- 
sented in 1,32], which make use of the hypotheses on the boundary geometry to 
construct a lower barrier fimction. Indeed let d be the distance function to the 
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boundary dft. In a small tubular neighborhood ?\f = {a; e : d{x) < a} of d^l we 
define the barriers in the form 

(3.2) w^^-f{d), 

where / is a suitable real function and a > is a constant chosen sufficiently small 
to ensure that d E C'^{'N) (see [23J). The boundary function (p is redefined so that it 
is constant along normals to dfl in and the function / e ( [0, a] ) satisfies /' > 
and /" < 0. Fixed a point yo in we fix around yo Fermi coordinates (?/*) in M 
along l^d = {x G fl : d{x) — d(?/o)}, such that y" is the normal coordinate and the 
tangent coordinate vectors {g^|i/o}: ^ < ol < n — 1, form an orthonormal basis of 
eigenvectors that diagonalize V^d at j/o- Since Vd = v is the unit normal outward 
vector along J^d we have 

-W^diyo) = diag(K'/,K2, ■ • ■ ,«^n-i>0), 

where k" = {k'{, , . . . , denotes the vector of principal curvatures of J^d at 

yo. At yo we have Wi — ipi for i < n. Moreover w„(yo) — (fin — f and 

V^w;^ VV + diag(/'«",-/"), 

since dn = 1 and di = Q,i < n. Therefore, the matrix of the Weingarten operator of 
the graph of w at {yo, w{yo)) is 

AH . - ^^^^ {s^^ - 



as u —7- 03 (or equivalently /' oo) where v = \/l + |VwP and we have written 
iH = ig-i(u;)diag(/'Ac",-/"). 

It is convenient to split the computation of the matrix A[w] into some blocks: For 
h j ^ n — 1 the components hij of A[w\ are 

ay = - f <5^" - T-^il] f'<5^k = +0(-), as « ^ (X). 
For i = n and j < n we have 



and finally 

Now we take / of the form 



0|^-^ , as t; ^ oo, 
1 + |V^|2 



f{d) = i log(l + cd) 



for positive constants 6, c > to be determined. We have 

fid) = T77^ > ^ 



(3.3) b{l + cd) - 6(1 + ca) 

fid) = -hf'{df, 
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^,,2l + |V^|^ b , ^(1 



SO 

(3.4) -ann^Kfr ^ ' ^ - ^l + 0[^-)j , asv 

Hence the principal curvatures k = (ki, . . . , k„) of the graph of w at (j/q, w{yo)) 
will differ from k'(, . . . , a„„ by O^^^ as t; oo. Then it follows from l |3.4t 
that we may estimate 

b 

2v 

provided v > vq, b > bo, where bo and vq are constants depending on \(p\2 and dQ. 
Therefore 

(3.5) \fii - k"| < ^K„, 



for a futher constant b\. On the other hand, if = yo{yo) G dfl denotes the closest 
point in dfl to yo we thus estimate 

*(yo,w) < *(yo,'/5) + l*M 
l*li 



5u 



</(«',0) + ^, 
0?; 

where we used ( 13.31 1, the Serrin condition 111. 12b and the assumption > 0. We 
recall that k' denotes the principal curvatures of dil. For a > small, we can 
replace k" by k'^ in I l3.5b . On the other hand, using the mean value theorem and 
conditions (|1.4t and l|1.13|l we obtain positive constants do, to such that 

(3.6) /(k) -/(«', 0) >,5oiK„ 

whenever t < to, \ki — < tkn, i = l,...,n— l.To apply (|3.6b we should observe 
that jlAi and l|1.12l l imply k E T. Then, to deduce the inequality F[w] > 5* as 
desired we fix b so that 

6>6o> and 6^ > ^. 

to Ooto 

Setting M — sup(</j — u) we then choose c and a in such a way that 

ca = e''*^-l and c > uofoe''^^ 

to ensure v > vo, w < uon dJ^. Therefore, we find that w is a lower barrier, that is, 

F[w] = f{k[w]) > * in N 
w < u on dJ^, 

which implies u > w in'N. Since the condition jl.lSi implies that the mean curva- 
ture of dft is nonnegative, we can conclude that there exists a solution u of ll3.ll 
which is an upper barrier. This establishes the boimdary gradient estimates in the 
Theorem[l] 

Remark 1. In the Lemma^below we use again the function w defined in i3.2h We note 
that if (I2.13P holds, then for any p e M", we can choose the function w as above in such 
a way that it satisfies V^w e T{p) on Tsf. To see this first note that the matrix g~^{p) has 
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eingenvalues 1/(1 + and l/-\/l + |pp with multiplicities 1 andn—l, respectively. 

Then the eigenvalues of the matrix g^^{p)y^ f{d) are 



1 



where k' = (ki, . . . , k„) are the eingenvalues of—V^f{d). On the other hand, choosing 
f as above we conclude k' = /'(k'^, . . . , &/') on dfl, where {k'i, . . . , denote 
the principal curvatures of dfl. Hence, as the matrix A{p, V^w) has the form 

A{p, V^w) - g'\p)V^w = .g-i(p)vV - ff~'(p)vV(d), 

it follows from ( [2.331 ) that for /' sufficiently large (depending on \p\, \ip\2 and dQ) we have 
V^w e r(p) o« 9ri. Smce T is open, the same holds in a small tubular neighborhood of 

on. 

4. A Priori Gradient Estimates 

In this section we derive (the interior) a priori gradient estimates for admissible 
solutions u of the Dirichlet problem (|1.3t . 

Proposition 5. Let u G C'^(fi) n C^(ri) be an admissible solution of (IL3I >. Then, under 
the conditions (fL4l>-(f01), 



(4.1) |Vm| < C in Q, 

where C depends on \u\o, \u\i and other known data. 

Proof. Set C{u) — ve^^, where v = |Vup = u'^Uk and A is a positive constant to 
be chosen later. Let xq be a point where C attains its maximum. If C(2;o) = then 
|Vw| = and so the result is trivial. If C, achieves its maximum on d^l, then from 
the boundary gradient estimate obtained in the last section l|4.Hl holds and we are 
done. Hence, we are going to assume xq E ft and Ci^o) > 0. 

We fix a normal coordinate system (x*) of M centered at xq, such that 

-\/u{xo). 



dx^ xo |Vw|(a;o) 

In terms of these coordinates we have ui{xq) = |Vu(a::o)| > and Uj{xQ) — for 
j > 1. Since Xq is a maximum for (, 

= C.(xo) = 2e2'4-(-o) (Avu^ixo) + u'm.^xo)) 

and the matrix V^Ci^o) — {Q-.ji^o)} is nonpositive. It follows that 

(4.2) u'(xo)u/;i(a;o) = -Av{xo)ui{xo) 

for every 1 < i < n. From now on all computations will be made at the point xq. 
As the matrix {G*'^ } is positive definite one has 

We compute 

Q-j =2e^'^" (i/ui-ij + u\ui;j + Avui-j + 2Au^ui-jUi 
+2Au''ui-jUi + 2A^vuiUj) . 
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Hence 

+ AAG^'u'-ui.jUj + 2A'^vG'^UiUj. 

It follows from l|42l l that 

4AG'^u^ui,iUj ^ -AA^vG'^u.Uj 

and then 

(4.3) G'^u^ui,ij + G''u\^ui,j - 2A^vG'^UiUj + AvG'^m.j < 0. 

We use the formula 1 12.1 7|l at the Lemma |4] to obtain 

G'-'n'-ui-n ^WG^^a'^u'-uiiUk + WG"-^ a'^u'^ui-ku^ + —G'-'auu'-u^ui.k 



w 



Since 



and 



and 



we get 



Rtjikyf-u^ = 



WG'^a''u^ui.,Uk = WG'^a''{-Avu^)uk - -AvWG'^ a'^u^Uk 



— G'-^auvl-u^ui.k = —G'^^ai.u^i-Avuk) = Aw^G^^a. 



Ay2 

G''v}ui.i. = -2AvWG''a)u,Uk G"^a„ + v}-^i + 



Plugging this expression back into | |4.3l l we get 



- 2AvWG'^a^.u,Uk - -tttG"' + u'*, + ^tv 
+ G^^u\^uuj - 2A^vG''^UiUj + AvG^^u.-j < 0. 
Since Wuij — Ui-j we can rewrite the above inequality as 

G'^u\,ui,j - 2AWvG^^a]u^Uk - 2A^vG'^UiUj 

AvW - — j G'^a,.j + m'*, + -^tv < 0. 
Using the hypothesis > we obtain 

(4.4) G'^u'iUiy - 2AT4^t;G*^aj^UiUfe - 2A'^vG'^u^Uj + -^G'^a.j + < 0. 

From the choice of the coordinate system and (|4.2) l it follows that 

ui-i = —Av and ui-i = Ui-i =0 {i > 1). 

After a rotation of the coordinates (x^, . . . , a;") we may assume that V^u = {ui-j{xo)} 
is diagonal. Since 
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at xo, we have 

^ j) 

1 1 n 

< = (« > !)• 

From Lemma|3l the matrix {F-} is diagonal. Then {G*^ } is also diagonal with 

Using these relations and discarding the term 

G ^fli, = TT > Ak; > 

i 

we get from I l4.4b the inequality 

G"uli - 2AWvG^^al{uif - 2A\G"(iti)2 + ^-iwi < 0, 
which may be rewritten as 

^ G""<„ + G" - 2A2z;2 + A\') + *i < 0. 

Since 



we have 



Then 



Once 



^ 2A2u2 + A^v^ ^ — — 



a>l ^ 

«i =al =--^ <0, 



we may apply hypothesis (|1.9t to get /i > co > 0, which implies 

^2^3 _ ^2^2 ^ 



Now we choose 



W^y/v Co 



2 ^ 
— sup ID*! 

Co Mxl 



where / is the interval I — [—C, C] with G being a uniform constant that satisfies 
|u|o < G. Therefore, 



(1 + (mi)2)5/2 -2' 

that is. 
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Since mi > this yields a bound for ui and hence for ((^^o), which impUes the 
desired estimate. □ 

5. Boundary Estimates for Second Derivatives 

In this section we establish the crucial a priori second derivatives estimates at the 
boundary. Bounds for pure tangential derivatives follow from the relation u — (p 
on dfl. It remains to estimate the mixed and double normal derivatives. 

Consider the linearized operator 

L = G'^ - b\ 

where = /j^j""'- It follows from Oil, (|215l and gUl that |&*| < C for a 

uniform constant C. 

To proceed, we first derive some key preliminary lemmas. Let xq be a point on 
dfl. Let p{x) denote the distance from x to xq, p{x) = dist(a;, xq), and set 

fi^ = {a; e : p{x) < S}. 

Since (p^) i-j (xo) — 2aij (xq), by choosing S > sufficiently small we may assume 
p smooth mils and 

(5.1) (Tij < {p^)i-j < icTij in rig. 

Since dVl is smooth, we may also assume that the distance function d{x) to the 
boundary dVl is smooth in fi^ . In what follows, we redefine the boundary fimction 
(/3 in as being constant along the normals to dVl. 

Let ^ be a C'^ arbitrary vector field defined in Vis and ?/ any extension to Vis of 
the vector Vu{xo). Inspired in the approach used by Ivochkina in tlSll we define 
the function 

(5.2) w^{Vu,S)~{V^,0-\v^n-in\\ 
The function w satisfies a fimdamental inequality. 

Proposition 6. Assume that f satisfies ( I2.4P -( I2.7P . Then the function w satisfies 

(5.3) L[w] < C(l + G'^cTij + G'^w.wj) in ns, 
where C is a uniform positive constant. 

Proof. For convenience we denote p, — i^ip,^). First we calculate the derivatives 
of w in an arbitrary coordinate system. We have 

= (V, Vii, + (V?i, (V,Vw - V,ry, Vu - ??) 

and 

- p^■j - (Vj V,jVu - VjViT], Vu-rj) - {ViVu - V,ri, VjVu - Vj-q) 
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where we denote by and the components of the vectors V^^ and 

Vj Vi^, respectively (the same notation is used for 77). Therefore, 

Now we use | |2.17|I to obtain 

+ (e" + 77' - w') + ^tuk - G^'Rajku') . 
On the other hand, it follows from the expression for Wi that 

(^'^ + 7?'' - M*^) = - {{i% + {r]%)uk+ ^i^ + {'^^^l,i)■ 
Sx\bs^\^l\xr^g this equality in the above equations we get 

G'^m,, = WG'^a\wm + WG''a\wiu, + i-G^'a./u'w;, - G^'u'^^Uk.j 
+ 2G'^ + (7?')j) wfc;. + W^G*%^.?/,(a*. - ((e"). + (77').) "fe 

(V,ry,77)) + TyG*%^.u,(M/ - ((e')/ + (7/')/) Uk + (V,r/,r;>) + 

+ G'^' ( + ('y'O.y) «fc - - (V,;7y, V,77) - (V, V,77, ^) 

- (C''^ + 7?'^ - i?.i,fe7/') + (^'^ + ftUfc). 

Since l |5.3t does not depend on the coordinate system, i.e., it is a tensorial inequal- 
ity, it is sufficient to prove it in a fixed coordinate system. Given x G SI, let (x*) 
be the special coordinate system centered at x. In terms of this coordinates the in- 
equality (15. 3t takes at x the form 

(5.5) L[w] = E f^^^^^ - ^'"^^ ^ ^ ( 1 + -j^ E Z'-^" + ^'""^ ) ■ 

i \ i i / 



(5.4) 



We will prove the above inequality. In what follows all computations are done at 
the point x. 
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In these coordinates we have = aj = aij = -^Ui-jSij and G*-' = -^fiSj- Since 
the quantities depending on Vu, ^, r/ and /i are under control, we get 



^22 



i i i 

i i 

2G'^ ae), + {v%) uu;r = 2 ((f), + (77'),) /,^, < eJ^/.Ac,^ + ^J]/, 

i i 
i i 

i 

j j 

i i 

where e > is any positive number and Go > depends only on (t|q. To obtain 
the above inequalities we made use of the ellipticity condition fi > 0. Estimating 
all the terms in (|5.4b as above, we conclude that equality (|5.4l l implies 



(5.6) 



L[w] < {eC - Go) J2 f^^^ + ^ E f^"^^ +CY,h + C. 



Choosing e > sufficiently small such that the first term on the sum above be- 
comes negative we obtain 

i i 

Using that <7u > Go > in and W is under control, we get H5.5b . □ 
We note that inequality (|5.3l l may be simplified further. In fact, since 

G*Vy > (5o > 0, 
replacing G to G/(5o + G (we may assume 1 > (5o > 0) we get 

(5.7) L[w] < C{G'^a^j + G'^w.Wj) in Us. 
Setting 

(5.8) w = 1 - 

for a positive constant flo, we get = aQe~°'°^Wi andi&iy — a^e^"-^^ {wi-j ~ aQWiWj) . 
Therefore, 

L[w] = G'^mj - b'm = aoe-"""^ {L[w] - aoG'^w.,Wj), 
if we choose oq large such that gq > C, where G is the constant in (|5.7|l , 

L[w] - aoG'^w^Wj < L[w] - GG'^w^w^ < CG'^a.j. 
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Hence 

(5.9) L[w]<CG'^a.,j. 

Now we extend to curvature equations the Lemma 6.2 in | lOJ obtained by Guan 
to Hessian equations. This lemma gives the elements to complete the construction 
of a barrier function. 

Lemma 7. Assume that f satisfies (I2.4P -( [2.3QP . Then there exist some uniform positive 
constants t, 6, e sufficiently small and N sufficiently large such that the function 

(5.10) v = {u-u)+td- y 
satisfies 

(5.11) iH < -e(l + G*Vy ) in ng 
and 

V > on dQs- 

Proof. Since u is locally strictly convex in a neighborhood of dfl we may choose 
5 > small enough such that the eigenvalues A(V^u) € r+ in fi^. In particular, we 
have V^w G r(Vu) in fls- Consider the function v* — u — iep^. Since r(Vu) is open 
and > 0, we may choose e > sufficiently small, such that v* is admissible 
and V^w* e r(Vu) inf^^. 

It follows from the concavity of G(p, •) that 

G'^ (p, r){nj - ) < G(p, r) - G(p, s) for all r, s e T{p). 

Applying this inequality we get 

L[u — u\ — L[u ~ V* ~ iep^] 

= G^^{u,.^,-vl^)-b\u,-v*)-isL[p'] 
< G{Vu, V^u) - G{Vu, V^v*) ~ h\u, - V*) 
-3eG'^ip^),.j+6epb'p,. 

Since G(Vw, V^m) = and G(Vu, V^i;*) > 0, it follows from the G^ estimate and 
the boundedness of 6' that 

L[u~u] <Ci-3eG'^{p%.j. 
Hence, we conclude from jS.li 

(5.12) L[u - u] < Gi - 3eG*Vi;j . 

As in the previous lemma, the inequality proposed is a tensorial one. So, it is 
sufficient to prove (|5.111 in a fixed coordinate system. For (5 > small we may 
define Fermi coordinates (y*) on fi^ along dU, such that = c? is the normal 
coordinate. In these coordinates we have da = 0,1 < a < n — 1, and d„ = 1. 
Hence, a straightforward computation yields 



L 



td-^d- 
2 



{t~ dN)L[d]~ NG"" 



THE DIRICHLET PROBLEM FOR CURVATURE EQUATIONS 



19 



Since there exists a uniform positive constant C that satisfies dtj < Caij in Vis and 
\V\ < C, we have 

^ < C2(t + NS)il + G'^aij) - NG"" 



td-'—d^ 
2 



L 

This inequality and | |5.12|| give 

L[v\ < L[u-u] + L 



td^^d^ 
2 



■-inn 



-inn 



< Ci - SeG'Vy +G2{t + NS){l + G'^atj) - NG"" 

= Ci + C2{t + NS) + {C2{t + N6) - 3e) G'^a^, - NG" 

As in [To], we choose indices such that fi > ■ ■ ■ > fn- Since the eigenvalues of the 
matrix G'-' are -j^/i, . . . , -j^/n, it follows from our choice of indices that 

G"" > /„ > ci /„ and G'^ a„ > C2 ^ /. . 

Using the arithmetic-geometric mean inequality and < I1.10|) we get 

eG*V,, + 7VG"" > C2 ^ /. + ciiV/„ 

>cne(7V/i.... •/„)!/" = G3Ari/». 
Now we apply this relation into the above inequality to get 

L[v] < Ci + G2(t + N5) + {C2{t + N6) - 2e)G*^'(7y - GgiV^/". 

Since (5^ < td/N implies tS — > and u> u, we choose t = ^ and (5 < 

to get i; > on n dfls- With this choice we have 

L[v] < Gi - eG'^a.j - CsN^^". 

By choosing N large such that G3 A^^/" > Gi + 2£ we obtain l ISTTll l. □ 

Remark 2. Under the hypotheses ofTheorem^we construct a subsolution w defined in 
and that is not necessarily strictly convex but satisfies V^w £ r(Vu). We replace u 
by w in the Lemma above to get the result. See Remark^ 

5.1. Mixed Second Derivative Boundary Estimate. We define the function 

(5.13) h = w + bop^ + cqv, 

where bo and cq are constants to be chosen later. Assume the vector field ^ is 
tangent along dil n dfls- Hence 

w — 1 — exp ^ao-|Vw — ?7p 

on dfl n dQs- Since r]{xQ) — Vm(xo), for any vector field rj tangent along dfl n dQs, 
wehavew(xo) = Wnw{xQ) = 0. Hence we conclude that ?Z> = 0(/9^) on SilnSila, if 
(5 > is small enough. Then, since w > on dfts, if bo is sufficiently large we have 
/i > on dils ■ On the other hand, it follows from l|5.Hl , l |5.9|l and (|5.111 that 

L[h] = L[w] + boL[p^] + coL[v] 

< (Gi + G260 - coe)(l + G^V.j) + bo. 
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Therefore, for co 3> &o ^ 1 both sufficiently large, we get L[h] < in ils and h > 
on dris- It follows from the maximum principle that h > in^ls. Consequently, 

y^hixo) > 0, 

which give us 

u^:u{xo) > -(Vu, V^C)(a;o) - —{u~u)iy{xo) - —t. 

ao ao 

Replacing ^ by — ^ at the definition of w we establish a bound for the mixed 
normal- tangential derivatives ondfl 

\H\'^{xo)\ < C, 

for any direction tangent to dfl. Since xq is arbitrary, we have 

(5.14) \u^,^\ < c an. 



5.2. Double Normal Second Derivative Boundary Estimate. For the pure normal 
second derivative, since J2i > (^o > 0, we need only to derive an upper bound 

(5.15) u^;^ <C on on. 

First we note that the equality u = (p on dH. implies 

(5-16) u^iviy) = f^iviy) - u^{y)^{S.,v){y), 

for any tangent vectors ^,r] € Ty{dQ) C TyM, y e 9^1, where 11 denotes the second 
fundamental form of dfl. Let r,j be the (0, 2) tensor defined on dil by 

(5.17) T„ = (vV-".n), 

where V is the induced connection on dH.. Since a^^ = -^Ua-i^, it follows from 
the equality ll5.16ll that the components of T„ in terms of coordinates (y") in dfl 
are Waap. We denote by k = (ki, . . . , the eigenvalues of the tensor r„ with 

respect to the inner product defined on by the matrix g = a + Wip (Xi V(^, where 
(7 is the metric on dfl induced by cr. 

Let r' be the projection of T on M"^^. We denote by d{K') the distance from 
k' g r' to dV . We point out that T' is also an open convex symmetric cone. 

We are going to analyze the behavior of d{K'[u]) for admissible solutions u. First 
we fix Fermi coordinates (y*) in AI along dfl, such that is the normal coordinate 
and the tangent coordinate vectors {-^lyg}, 1 < ct < 1, is an orthonormal 
basis of eigenvectors that diagonalize Tu at a given yo E dfl, with respect to the 
inner product g = (t + V(/j V(^. At yo the matrix of the second fundamental form 
of E in terms of this coordinate system is given by 

(5.18) aij = —Ui-jSij, < n), ai„ = "^""i^' < "")' = w^"'"' 

It follows from Il5.16l l that k = {ui-i, . . . , are also the eigenvalues of 

the tensor T„ defined above. Since the principal curvatures k[u] — . . . , k„) of 

E at {yo,u{yo)) are the roots of the equation det (a^ — ngij) = and gap{yo) = 
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5a/3 (yo) = (5a/3 for 1 < a, /3 < 71 



det 







1, they satisfy 




w 



U2-2 



9lr. 



W 



Uu;l - 92r. 



W 



- 9lr, 

- 92r. 



0. 



Therefore, by Lemma 1.2 of [3] the principal curvatures K[u]{y) = . . . , k„) of 
S, at (yo, -"(yo)) , behave Uke 



(5.19) 
(5.20) 

as \u^:. 



W 



1< a < n- 1, 



Wgn-n 



l + O 



1 



oo. Since u is admissible, we have k'[u] — (kq) e F', therefore W^k'[u] g 
r'. Hence, for Uy;^ large we have k = • • • , u„_i;„_i) e F', since F' is open and 

we can assume Ui^-^^, > 0. Since yo G dil is arbitrary, it follows from the gradient, 
tangent and tangent-normal second derivative estimates previously established 
that there exists a tmiform positive constant A^o > such that the eigenvalues k of 
T„ satisfy 

(5.21) k e F', if u^.^ > No- 

The following lemma is the key ingredient to obtain the double normal boundary 
estimate. It is an adaption of the technique used in 13J and llOJ , using the brilliant 
idea introduced by Trimdiger in ||33| . 



Lemma 8. Let Nq > be the constant defined in (I5.22P and suppose Uy.y > Nq. Then 
there exists a uniform constant cq > such that 

d{y) = d{ik.[u]{y)) > cq on dfl. 

Proof. Consider a point yo e dil where the fimction d{y) attains its minimum in 
dfl. It suffices to prove that d{yo) > cq > 0. As above we fix Fermi coordinates 
(y*) in M along dQ, centered at yo, such that y" is the normal coordinate and the 
tangent coordinate vectors {^^^lyolaoi diagonalize r„ at yo with respect to the 
inner product given hy a + W (p (E) (p ■ We choose indices such that 

«i(yo) < • • • < Kri-l(yo). 

From | |5.16|| the coordinate system (y") diagonalizes also the restriction of V^u to 
T{dn) at yo and 

(5.22) Haiuo) = Ua-a{yo), a < n. 

We extend ly to the coordinate neighborhood by taking its parallel transport along 
normal geodesies departing from dil and set 

f d d \ / d 



Using Lemma 6.1 of |^, we find a vector 7' 

71 > • • • > In-l > 0, 



(71, ■ ■ 

E 

a<7i 



■ ,7n-i) e 

7a = 1 



such that 



22 J. H. S. DE LIRA AND F. F. CRUZ 

and 

(5.23) d{yo) = ^ JaUaiVa) = ^ laUa-aiVo)- 

a<n a<n 

Moreover, 

(5.24) r' c {A' e R""i : 7' • A' > 0} . 
Applying Lemma 6.2 of |3l, with 7„ = 0, we get for all y e dfl near yo 

(5.25) ^ laTaa{y) = ^ laUa-a{y) > ^ lal^aiv) > d{y) > d(?/o), 

a<n a<n a<n 

where we have used l|5.33b and I7I < 1 in the second inequality. Differentiating 
covariantly the equality u — ip = on dfl we get 

(5.26) {u - ip)^.r, ^ ~{u - ip)^Il{^,ri) on on, 

for any vectors fields ^ and r/ tangent to dft. Then, for y £ dil near yo, we have 

Then 

a<n a<n Q:<n 

(5.27) 

< 2^ 7a¥'Q;a(y) " d(yo), 

where we use (|5.34l l in the last inequality. 

Since u is locally strictly convex in a neighborhood of 9ri it follows that n' [u^ -piyo)) 
belongs to F' (since r+ c F). We point out that K'{u^.p) denotes the eigenvalues 
of V^w. We may assume 

d{yo) < ^rf(K'(Ua;/3(yo)), 
otherwise we are done. Now we use the equality u ^ uon dfl to get 

a < n Q < n 

on dVl. Therefore we conclude from I I5.35I I, I I5.33I I and Lemma 6.2 of |3| that 

Q<n a<7i a<n 

> d{n' {u^.p{ya)) - ^(yo) > ]^d{u^.p{yQ)) > 0. 
Since {u — u)^ > on dfl, there exist uniform positive constants c,d > 0, such that 

labaaiy) > C > 0, 

for every y E ft satisfying dist(2/, t/o) < ^- Hence we may define the function 
(5.28) fi{y) = 3_ — I y^afa-Av) - d{yo) ] , 
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for y e = {x e : p{x) = dist(a;, yo) < S}. It follows from (|5.36l l that < ^ 
on dVL n dVLs while (|5.321 and (|5.351 imply u,^{yi^) = fi{yQ). Now we may pro- 
ceed as it was done for the mixed normal-tangential derivatives to get the estimate 
Viyi/ii(yo) < C, for a uniform constant C. In fact, at the definition of the function 
w in Il5.2b we can choose the vector field ^ as being an extension of i' and change 
the fimction /i there by the function /i defined on l|5.37|l . Defining w in the same 
way as in | |5.8|| , the inequality l|5.9t remains true, hence the function h defined at 
equation H5.13b still satisfies L[h] < in Qg and /i > on d^s n fi, for appropriate 
constants ao,bo,co and 5 > sufficiently small. To get the inequality ft, > on 
oris n dn we must use that Wi, < ^ on dfl n dfls ■ Then, like it was done for the 
mixed normal-tangential derivatives case we get 

(5.29) u^Avo) < C. 

Therefore k[u] (yo) is contained in an a priori bounded subset of T. Since 
F[u] = /(kM) = > *o = inf * > 
it follows from (|1.81 that 

dist(KM(2/o),ar) > CO > 

for a uniform constant cq > 0. Thus rf(yo) > cq, for a uniform constant co > 0. □ 

We are now in position to prove l l5.15t . We assume that Uy;^ > Nq, where A^o 
is the uniform constant defined above (otherwise we are done). By our choice of 
A^o we have k[u] e T' on dfl, where k are the eigenvalues of the tensor defined 
in l IS.lTT l. Fixed y E dfl, we choose Fermi coordinates centered at y as it was done 
in | |5.18|| to conclude that k[u]{y) — {ui-i, . . . , Un-i-n-i) are the eigenvalues of T„ 
and the principal curvatures K[u]{y) — {ki, . . . , k„) of S, at {y, u{y)), behave as is 
described in l|5.19t and | |5.20|I . Therefore, since G T', there exists a uniform 

constant A^i such that if u^-^{y) > Ni then the distance of k' [u] = K'{al[u])iy) to 
dV is greater then co/2, where cq is the constant at Lemma HI Thus 

d{n'[u]iy)) > |, 

for y £ A — {y £ fl : u^Au) — ^i}- On the other hand, it follows from l|1.4|l that 
there exists a uniform constant Sq > such that 

(5.30) lim f{K'[u]{y),t) > ^'{x,u) + 6q 

uniformly for y G A, then we have a uniform upper bound k„ [u] (y) < C for y G A. 
This yields a uniform upper bound u^-^y{y) < C for y G A and establishes l|5.15ll . 

Lemma 9. Let No > Obe the constant defined in 11 above and suppose Uj,.,, > Nq. Then 
there exists a uniform constant cq > such that 

d{y) = d{k[u]{y)) > cq on dVt. 

Proof. Consider a point yo G dO, where the function d{y) attains its minimum in 
dVl. It suffices to prove that (i(yo) > co > 0. As above we fix Fermi coordinates 
(y*) in AI along 50, centered at yo, such that y" is the normal coordinate and the 
tangent coordinate vectors {^^\yo}a<n diagonalize Tu at yo with respect to the 
inner product given by ct + Vip (8) Vv?. We choose indices such that 

^i(yo) < • • • < K„-i(yo)- 
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From | |5.16|I the coordinate system (y") diagonalizes also the restriction of V^it to 
T{dn) at yo and 

(5.31) Kaino) = Ua-aivo), a < n. 

We extend ly to the coordinate neighborhood by taking its parallel transport along 
normal geodesies departing from dil and set 



Using Lemma 6.1 of [3|, we find a vector j' ~ (71, ... , 7n-i) G M"^^ such that 

71 > ■ ■ ■ > In-l > 0, 7a = 1 

and 

(5.32) d{yo) = ^ JaKa{yo) = ^ 7a"a;a(?/o). 

a<n Q<Ti 

Moreover, 

(5.33) r' c {A' e : 7' • A' > 0} . 
Applying Lemma 6.2 of O with 7„ = we get for all y e 9fi near yo 

(5.34) ^ laTaa{y) = ^ JaUa-aiy) > ^ laKa{y) > d{y) > d{yo), 
a<n a<n a<n 

where we have used I l5.33|l and I7I < 1 in the second inequality. Differentiating 
covariantly the equality u — = on dft we get 

(5.35) {u - ip)^.r, = -{u - ip)^Il{^,r/) on dft, 

for any vector fields ^ and 77 tangent to dft. Then, for y e dil near yo we have 

Then 
(5.36) 

< 2^ 7a</'a;a(y) " C?(yo), 

where we used ||5.34| | in the last inequality. Since u is locally strictly convex in a 
neighborhood of dVl it follows that K'{u^.p{ya)) belongs to T' (since r+ C F). We 
point out that ^'{u^.p) denotes the eigenvalues of V^u. We may assume 

d{yo) < \d{K'{u^.j,{yQ)), 
otherwise we are done. Now we use the equality u = uon dfl to get 
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on dft. Therefore we conclude from l|5.351 , (|5.331 and Lemma 6.2 of L3J that 

a<7i a<n a<n 

> d{K'{Ua;piyo)) - diyo) > ^d{u^.p{yo)) > 0. 
Since {u — u)^ > on 90 there exist uniform positive constants c,6 > such that 

lahaa{y) > C > 0, 

Q<n 

for every y G satisfying dist(y, j/o) < S. Hence we may define the function 

(5.37) ^i{y) = — 3_ — I ^„(^„.„(y) ~ d(2/o) ) , 

for y e = {a; e : p{x) = dist(a;, yo) < It follows from ( |5.36t that < ^ 
on 5rjnc)rj^ while (|5.32l l and (|5.35l l imply u,Avn) — ^(j/o)- Now we may proceed as 
it was done earlier for the mixed normal-tangential derivatives to get the estimate 
Viyi/u(?/o) < C, for a uniform constant C. In fact, at the definition of the function w 
in (|5.21 we can choose the vector field £, as being an extension of i' and change the 
function /i there by the function /i defined on l|5.37t . Defining w in the same way as 
in | |5.8|I , the inequality | |5.9|I remains true, hence the function h defined at equation 
l|5.13t still satisfies L[h] < in fls and ft. > on dil.s H H., for appropriate constants 
flQ, Co and S > sufficiently small. To get the inequality /i > on dilg H dfl we 
must use that < /i on dil n dfls- Then, similarly to what we had done for the 
mixed normal-tangential derivatives case we get 

(5.38) u^Avo) < C. 

Therefore k[u] (yo) is contained in an a priori bounded subset of T. Since 
F[u] ^ /(kM) = > ^0 = inf * > 
it follows from jl.Si that 

dist(KM(2/o),ar) > Co > 

for a uniform constant cq > 0. Thus d{yo) > cq, for a uniform constant cq > 0. □ 

We are now in position to prove l |5.15l l. We assume that u,y-i, > Nq, where A^q 
is the uniform constant defined above (otherwise we are done). By our choice of 
A^o we have k[u] e T' on dfl, where k are the eigenvalues of the tensor r„ defined 
in 1 15.171 . Fixed y e dfl, we choose Fermi coordinates centered at y as it was done 
in I I5.18I I to conclude that k[u]{y) = {ui-i, . . . , u„_i;„_i) are the eigenvalues of T„ 
and the principal curvatures K[u]{y) — . . . , k„) of S, at {y,u{y)), behave as is 
described in | |5.19l l and | |5.20| |. Therefore, since -j^Kiw] € F', there exists a imiform 
constant A^i such that if u^-„{y) > Ni then the distance of k'[u] — k' (^aj[ufj (y) to 
dr' is greater then co/2, where cq is the constant at Lemma |9l Thus 

dW[u]{y)) > |, 

for y e A = {y e 17 : u^Av) — -^i}- On the other hand, it follows from l|1.4|l that 
there exists a uniform constant (5o > such that 

(5.39) lim f{K'[u]{y),t) > ^{x,u)+Sq 

i— >-oo 
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uniformly for y E A, then we have a uniform upper bound Kn[u]{y) < C for y E A. 
This yields a uniform upper bound Vvvu{y) < C for y E A and establishes l|5.15|l . 

6. Global bounds for the second derivatives 

This section is devoted to the proof of the global Hessian estimate. We will show 
that the terms of the second fundamental form b of the graph of u are bounded by 
above. Combined with (|2.16l l (see Section|2), this provides us with uniform bounds 
for b. Since we already have the estimate, then this information allows us to 
obtain the global second derivative estimate. 

Proposition 10. Suppose that conditions il.4i - il.l0i hold and that there exists a locally 
strictly convex function x & C^{fl). Let u E C^{Q) n C^{Q) be an admissible solution of 
(O- Then 

(6.1) \V^u\ < C in n, 

where C depends on \u\i, maxofj |V^u|, \u\2 and other known data. 

Proof. First we extend the locally strictly convex function x e C^(il) to x R by 
setting 

X{x,t)=x{x)+t'. 

This extension is also locally strictly convex and we use the symbol x ^Iso to rep- 
resent it. We then define the following function on the unit tangent bundle of S, 

C(y, = exp (0(T(y)) + /3x(2/)) , 

where y E S, ^ is a unit tangent vector to S at j/, the function t is the support 
function defined on S by r = {N, dt), (3 > is a constant to be chosen later and 
is a real function defined as follows. The function t is bounded by constants 
depending on the bound for |Vm|. Hence, it is possible to choose a > so that 
r > 2a. Thus, we define 

(/)(r) = — ln(T — a). 
Differentiating with respect to r, 

(6-2) ^-i^ + ^)^'-r^-^-7^^ = -r^<^' 

(T — aj^ (r — a)^ (r — a)^ 

for any positive constant e > 0. Notice that, by the choice of a, given an arbitrary 
positive constant C, we have 

(6.3) -(1 + 0r) + C{4> - (1 + e)4>') = -1 + ^ - > „^ °' > C, 

for some positive constant C depending on the bound for |Vm|. 

If the maximum of C is achieved on 51], we can estimate it in terms of uniform 
constants (see the last section) and we are done. Thus, suppose the maximum of 
C is attained at a point yn — {xq, u{xo)) E S, with xq E fi, and along the direction 
^0 tangent to S at yo = {xo,u{xo)). We fix a normal coordinate system (y*) of S 
centered at j/o such that 

d 
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Notice that is a principal direction of S at yo/ thus an (yo) — 0, for any i > 1. 
Consider the local function an — b{-^, gfr)- Then the function 

(6.4) C = an exp(0(T) + Px) 
attains maximum at = (xq, u{xq)). Hence, it holds at yo 

(6.5) o-(lnC). -^ + </>T, + /3x. 

an 

and the Hessian matrix with components 

(liiC)i;j = — - + 0T^y + (pTiTj + /:ixi;j 

an a^j 

is negative-definite. Thus 

(6.6) an ^ii 

We may rotate the coordinates (y^, . . . , y") in such a way that the new coordinates 
diagonalize {aij(yo)}. By Lemma |3] { G*^ } is also diagonal with G" — -^fi- We 
denote Ki — aaiyo) and choose indices in such a way that 

Moreover, we assume without loss of generality that ki > 1 at yo. Thus, according 
to Lemma m we have 

/l < /2 < • • • < fn- 

From I I6.6I I, 

(6.7) V ( — f^alU^^ ~ ^f^\all■,^\^ + ^f^.,,^ + '<j)f^\T,\'' + /3/^X^;^) < 0. 

i ^ 

Now, we differentiate covariantly with respect to the metric {gij ) in S the equation 
jl.m in the direction of -^lyo obtaining F^^Uij-i =5*1 and differentiating again 

(6.8) i^*^a,,;n + F'^''''a,,.,iaki;i = 'fv,!. 
From the Simons formula Il2.9b we have 

(6.9) ^ 

+ KlfiRiQiQ — RlQlO fi^i + fiRiliO-^1 — fiRlilQ-i)- 

It follows from cq < X), /jA, < / = ^' that 
-F*^a,j;n < - njco + |i?ioio|^' 

+ (fiaii-ii + Kifinf + KifiRioio + fiRmoa — fiRioiO;i)- 

i 

Combining this expression and (16.81 1 we obtain 

/ian;ii >*i;i " F''^'''^aij.iaki-i + kIcq - l^ioiolV' 

i 

— (Al/iAi — MfiRiOiO — fiRiOiO;! + fi RiOIOa) ■ 
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Replacing this equation into l|6.71 we get 

— (^-i;! - F'^^^^aij.iau;! + K?co - |i?ioio|^') 



1 

Therefore, 



— {nifiKf — KifiRioio — fiRioio-i + fiRiQio-i) 
Hi 



It is well known that 



t 

I I 

~ fi{RiOiO:l — Rl010;i) < 



"1 

0. 



k k ry k 

where rj'^ are the components of the vector 9^, which is the projection of dt onto 
TE. Hence, 

i i i i 

From J2i fiau-k = 

i i i 

We denote by T = J^i ft- By estimating the ambient curvature terms, 

Y.v''Rkuoh<CT. 

i 

Then, 

-^{r|''■^k+Y,v''Rk^^0I^) > -|0|(C + CT). 
i 

Therefore 

i i 

Now, we suppose without loss of generality that 

1 1 - ^11 
ni> — } \RiOiO;i - RioiO;i\, ^'|i?ioio| > ~C, and — - > ~C 

for a positive constant C > 0. Since 

= *t;t(wi)^ + *tUl;l + *1;1, 
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the above assumptions is allowed. Finally, 

-y^fiRtOiO > -Tmaxl^jOiol > -CT. 

^ — ^ i 

i 

We conclude from these inequalities that 

-C-CT + coKi - —F'J^^'a,j,iaki;i " E - ^ E 

(6.10) 

+ CT) - ^ + 0^ /^|^^|2 + /^^^^^ < 0. 

i i i 

Now, to proceed further with our analysis we consider two cases. 
Case I: In this case we suppose that k„ < —dni for some positive constant 6 to be 
chosen later. 

Using (|6.5b and the Cauchy inequality we get 

(6.11) ^Man-A' = fMn + Px^? < (1 + + (1 + e)^'' 

for any e > and any 1 < i < n. Now we replace the sum of the terms in ( 16.111 1 in 
the inequality I I6.IOI I to obtain 

co^i - C{1 + 101) - CT(1 + \^\) - —F'^^'''a,j.iaki;i - (1 + </>r) V f,K^, 

i 

-(1 + i)/32 ^ + (0 - (1 + e)0^) /^I^^l' + E =^ 0- 

i i i 

Since {a^j} is diagonal at yo, 



so, it follows from ( |6.2t that 

(0 - (1 + e)02) ^ > - (1 + e)<^2)^^ y^^2^ 

Since l^xl is a known data we have ^ - < C*?". Hence, 

co/«i - C(l + |(/)|) - — f^»J"-*^-'a,^,iafe,;i - (1 + 101 + (1 + i)/?2)CT 

(6.12) , X 

- (1 + 0t) + C(0 - (1 + e)02) j ^ j^^2 ^ ^ ^ ^^^^^^ < o_ 

Using the concavity of F and the convexity of x we may discard the third and the 
last terms in the left-hand side of | |6.12| | since they are nonnegative, obtaining 

-Ci(/3) - C2(/3)T + coA^i +cY,j,K\ < 0, 

i 

where Ci depends linearly on /3 and C2 depends quadratically on (3. Since /„ > 
-T, we have 



y2hn^>fnnl>-9^TKl 
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Thus it follows that 

(6.13) -Ci-C2T + coki+C-0^Tk^^ <0. 

n 

This inequality shows that ki has a uniform upper bound. In fact, notice that the 
coefficients of the terms in T in (|6.13t are 

n 

Then, if ki > C for a (suitable) uniform constant C, we have 

c-e^nl - C2 > 0. 
n 

In this case, since T ^ J2i fi ^ we may discard the terms in T in | |6.13l l to obtain 

— Ci + cqKi < 0, i.e., 

Kl < . 

Co 

Case 11: In this case we assume that k„ > —9ki. Hence, Ki > —6ki. We then group 
the indices {1, ri} in two sets 

/i = <4/i}, 
/2 = {j;/, >4/i}. 

Using l|6.11l l, we have for i E Ii 

\f^\all■.^\' < (1 + e)^'n\n\' + (1 + -m^f^\X^\^ 

< {i + e)^^Mn\^ + c{i + -m^fi- 

e 

Therefore, it follows from 1 I6.IHI that 

-C-CT + coKi - ^F^^'^-'ay;iaM;i - (l + <^t) V f.K^ -^Y] /j|aii;jf 

- mC + CT) + (0 - (1 + e)02) ^ ^,^|^^|2 _ c{l + i)/32/i + ^ 0. 

Notice that we had summed up to the inequality the non-positive terms 

-(l + 6)H2^/.|r,r 
ie/2 

Using that \Ti\ = \Kirii\ < Cni we may conclude as above that 

(6.14) - (1 + ^r) J2 /^«' + (0 - (1 + E /^l^'l" ^ 

for some positive constant C > 0. Thus 

-C-CT + coK, - —F'i-'''a,jaaki,i +Cy Uk} 

Kl ^ 

(6.15) I 

- - E /^-l^iiuf - l<^l(C^ + CT) - C(l + + /SE ^ 0. 
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Using the Codazzi equation aij-i = au-j + Roiji and Lemma|3]we get 

F-*' a.j.^ittki;! = > Jkiakk-iau-.i > Vki 

since 1^/2 and < 0. We claim that for all j e I2 it holds the inequality 

(6.16) _A A_lA > 

This is equivalent to 

It is clear that j e /2 implies /j > 4/i . If > 0, this is obvious. If kj < 0, then 
—9ki < Kj < 0, and then 

f,Ki + fjKj > (1 - e)f,Ki > 4(1 - e)hKi > 2/i«:i, 

if we choose 9 = 1/2. Hence, with this choice, we can use 1I6.I6I 1 to obtain 

1 f 2 



Kl ^ K 

3^1: 



rv-i rC 1 rv 1 



Using this inequality in (|6.151 and estimating the curvature term (i?oiji)^ we ob- 
tain 

^ je/2 I 

From (|6.5b , 

- C - CT + coKi - 2 V ^(</)T, + /3x, )i?oyi + C E ^^'^^ 

- |0|(C + CT) - C{1 + + /3 ^ < 0. 
Since < 0, < ki and — < 0ki < ki we have 

/^l Kl Kj\ 

We also suppose, without loss of generality, that 

3|xj-Roi3i| 
70 
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for all j E I2, where 70 is a positive constant that satisfies 

Xi:i > 70 > 0, V 1 < i < n. 
Note that this assumption is equivalent to 

To ^ IXj^oijil 

3 ~ Ki ' 

which implies 



These inequalities imply that 



— Kl ^ — ' Kl ^ — ' O O 

j^h 



C-CT + coKi + 2 E f^'PlViRoijil - 2^r 



Je/2 
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+ CY,f^^^ - mC + CT) - C(l + i)/32/i + ^ 0. 

Since X^je/a -^J - I^'j^ji I - ^ ^^'^ < we have 

Choosing (3 > sufficiently large, the term in T is positive and we may discard it, 
obtaining 

(6.17) -C-C2(/3)/i+co/ti + (7/i«? <0, 

where C2 depends quadra tically on 13. Reasoning as above, we conclude that this 
inequality gives an upper bound for ki . □ 

7. Proof of the Existence -The Continuity Method 

In this section we complete the proof of Theorems [T] and |2] by the continuity 
method with the aid of the a priori estimates established previously. We apply the 
continuity method to the family of problems 



(7.1) 



F[u] = m + {l- t)F[xo] in n 

u = tip + (1 — t)xo on dfl, 



for < t < 1, where xo is a multiple of the locally strictly convex function x € 
C'^{Ti) that satisfy 

< F[xo] < "f- 

Clearly all our preceding estimates are independent of the parameter t, so that 
under the hypotheses of Theorem [T] and |2l we conclude an a priori estimate of the 
form 

with constant C depending onn,il,u,x,'P and ^I*, and hence the unique solvability 
of the Dirichlet problems l|7.1)l . for all < t < 1, then follows. 
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